Understanding the flow of incompressible fluids through porous media plays a crucial role in many technological applications such as enhanced oil recovery and geological carbon-dioxide sequestration. Several natural and synthetic porous materials exhibit multiple pore-networks, and the classical Darcy equations are not adequate to describe the flow of fluids in these porous materials. Mathematical models that adequately describe the flow of fluids in porous media with multiple pore-networks have been proposed in the literature. But these models are analytically intractable, especially for realistic problems. In this paper, a stabilized mixed four-field finite element formulation is presented to study the flow of an incompressible fluid in porous media exhibiting double porosity/permeability. The stabilization terms and the stabilization parameters are derived in a mathematically consistent manner. Under the proposed mixed formulation, the equal-order interpolation for all the field variables, which is computationally the most convenient, is shown to be stable. A systematic error analysis is also performed on the resulting stabilized weak formulation. Several representative problems, patch tests and numerical convergence analysis are performed to illustrate the performance and convergence behavior of the proposed mixed formulation in the discrete setting. The accuracy of numerical solutions is assessed using the mathematical properties satisfied by the solutions of the double porosity/permeability model (e.g., reciprocal relation). Moreover, it is shown that the proposed framework can nicely perform under the transient condition and it can capture well-known instabilities in the fluid mechanics such as viscous fingering.
This Figure shows that the rates of convergence under the proposed stabilized mixed formulation is exponential with respect to p-refinement, which is in accordance with the theory.
INTRODUCTION
Fluid flow in porous media has been extensively studied, both theoretically and computationally, because of its broad applications in different branches of science and engineering. The most popular model of flow of an incompressible fluid in rigid porous media is the Darcy model, which is based on the assumption that the domain contains only one pore-network. Due to the restricting assumptions in the classical Darcy model [Chang et al., 2017; Nakshatrala and Rajagopal, 2011; Rajagopal, 2007] , its application has been limited and several modifications and alternative models have been proposed that predict more realistic flow behaviors. In particular, due to the complexity of the pore-structure in many geo-materials such as shale, many studies have focused on developing mathematical models and computational frameworks that consider the presence of two (or more) dominant pore-networks exhibiting different hydro-mechanical properties. Some of the recent studies on multiple pore-networks include [Borja and Koliji, 2009; Choo et al., 2015] . and ). By choosing nodal-based unknowns even for the flow problem, one can avoid projections from nodal to non-nodal interpolation spaces and vice-versa.
To determine whether a computational framework is robust, systematic convergence and error analyses are required. To this end, we first perform a mathematically rigorous stability analysis of the proposed stabilized mixed formulation. Since the proposed formulation is residual-based, consistency is shown quite easily. We also present patch tests and representative numerical results to show that the obtained numerical results are stable. After establishing the stability of the proposed formulation, we perform a thorough accuracy assessment of the approximations by estimating the error associated with the numerical solutions. Specifically, we perform both a priori and a posteriori error estimations, which individually serve different purposes [Babuška et al., 2010] . A posteriori error estimations monitor different forms of the error in the numerical solution [Babuška and Strouboulis, 2001; Becker and Rannacher, 2001 ] and using the computed approximate solution, they provide an estimate of the form u − u h ≤ , where u is the solution, u h is the finite element solution for a mesh with mesh size h, · denotes an appropriate norm, and is a constant (real) number. On the other hand, a priori error estimations provide us with the order of convergence of a given finite element method [Ainsworth and Oden, 1997] . [Shabouei and Nakshatrala, 2016] have shown that porous media models such as those defined by the Darcy and Darcy-Brinkman equations satisfy certain mechanics-based properties, and they have utilized these properties to construct solution verification procedures. Recently, have shown that the double porosity/permeability model also enjoys properties with strong mechanics underpinning. These include the minimum dissipation theorem and a reciprocal relation. Herein, we utilize these mechanics-based properties to construct a posteriori solution verification procedures to assess the accuracy of numerical solutions obtained under the proposed formulation for the double porosity/permeability model.
A common assumption in models of flow in porous media is that of steady state conditions. However, many flows occurring in porous media such as aquifers and oil-bearing strata are transient or unsteady in nature. It is noteworthy that the classical Darcy model, which was initially developed for studying steady-flow conditions, was proven to be valid under transient conditions; see the discussion in [Mongan, 1985] . In this paper, we extend the proposed stabilized mixed formulation for the double porosity/permeability mathematical model to the transient case, and we illustrate this extension can accurately capture the transient flow characteristics.
Recently, it has been shown that some stabilized methods (which are primarily designed to suppress numerical instabilities) when applied to solve problems with physical instabilities, suppress both types of instabilities [Shabouei, 2016; . Therefore, a good test of the proposed stabilized mixed formulation for a coupled flow and transport problem involves a problem that exhibits a physical instability similar to the classical Saffman-Taylor instability [Saffman and Taylor, 1958] . Using numerical simulations we show that the proposed formulation suppresses only the spurious numerical instabilities while capturing the underlying physical instability.
The rest of this paper is organized as follows. After an outline of the governing equations of the double porosity/permeability model in Section 2, the corresponding stabilized mixed formulation is presented in Section 3 with a derivation provided in Appendix A. The theoretical convergence analysis for the proposed stabilized mixed formulation is presented in Section 4, followed by the numerical convergence behavior of the elements presented in Section 5 where patch tests in one-and three-dimensional spaces are described. The representative numerical results are used to showcase the performance of the proposed mixed formulation in Section 6. Section 7 provides the mechanics-based assessment of the numerical accuracy. The transient analysis and the capability of the computational framework for modeling coupled problems and capturing well-known physical instabilities in fluid mechanics are discussed in Sections 8 and 9. Finally, conclusions are drawn in Section 10.
Throughout this paper, repeated indices do not imply summation. The terms classical mixed formulation and Galerkin formulation are used interchangeably.
GOVERNING EQUATIONS FOR DOUBLE POROSITY/PERMEABILITY
For convenience to the reader and for future referencing, we briefly document the equations that govern the double porosity/permeability mathematical model considered in . Let Ω ⊂ R nd be a bounded domain, where "nd" denotes the number of spatial dimensions. The boundary of the domain ∂Ω is assumed to be piecewise smooth. Mathematically, ∂Ω ≡ Ω − Ω, where the superposed bar denotes the set closure [Evans, 1998] . A spatial point is denoted by x ∈ Ω. The gradient and divergence operators with respect to x are denoted by grad[·] and div[·], respectively. The unit outward normal to the boundary is denoted by n(x).
The porous domain is assumed to consist of two dominant pore-networks, which will be referred to as the macro-pore and micro-pore networks and are, respectively, denoted by subscripts 1 and 2. These pore-networks are connected with the possibility of mass exchange between them. The pressure field and the discharge (or Darcy) velocity in the macro-pore network are, respectively, denoted by p 1 (x) and u 1 (x), and the corresponding ones in the micro-pore network are denoted by p 2 (x) and u 2 (x). The governing equations take the following form:
is the specific body force. The true density and coefficient of viscosity of the fluid are, respectively, denoted by γ and µ. K i (x) denotes the permeability tensor for macro-pore (i = 1) and micro-pore (i = 2) networks. Γ u i denotes the part of the boundary on which the normal component of the velocity is prescribed in the macro-pore (i = 1) and micro-pore (i = 2) networks. Similarly, Γ p i is that part of the boundary on which the pressure is prescribed in the macro-pore (i = 1) and micro-pore (i = 2) networks. p 01 (x) and p 02 (x) denote the prescribed pressures on Γ p 1 and Γ p 2 , respectively. u n1 (x) and u n2 (x) denote the prescribed normal components of the velocities on Γ u 1 and Γ u 2 , respectively. χ(x) is the rate of volume exchange of the fluid between the two pore-networks per unit volume of the porous medium, and we model it as follows [Barenblatt et al., 1960] :
where β is a dimensionless characteristic of the porous medium. In the rest of the paper, χ(x) will be simply referred to as the mass transfer. For mathematical well-posedness, we assume that
A STABILIZED MIXED WEAK FORMULATION
In this section, we present the proposed stabilized mixed formulation for the double porosity/permeability model. A derivation of the proposed formulation is provided in Appendix A. We also present an extension of the proposed formulation for enforcing the velocity boundary conditions weakly, which will be convenient for problems involving curved boundaries. This extension is achieved by employing a procedure similar to the one proposed by [Nitsche, 1971] .
We define the following function spaces, which will be used in the rest of this paper. We denote the set of all square-integrable functions on Ω by L 2 (Ω). For well-posedness of the weak formulation, we assume that
where H 1/2 (·) is a non-integer Sobolev space [Adams and Fournier, 2003] . The function spaces that are employed in the rest of this paper are as follows:
where H 1 (Ω) is a standard Sobolev space, and H −1/2 (·) is the dual space corresponding to H 1/2 (·) [Adams and Fournier, 2003 ]. The standard L 2 inner-product over a set K is denoted as
For convenience, the subscript K will be dropped if K = Ω. Moreover, the action of a linear functional on a vector from its associated vector space is denoted by ·; · . The following condition in the function spaces P and Q
is introduced for ensuring the uniqueness of the solutions, which will be established later in this paper. Alternatively, one can prescribe the pressure on the boundary of at least one of the porenetworks.
The classical mixed formulation, which is based on the Galerkin formalism, reads as follows: Find (u 1 (x), u 2 (x)) ∈ U 1 × U 2 and (p 1 (x), p 2 (x)) ∈ P such that we have
where the bilinear form and the linear functional are, respectively, defined as follows:
In a subsequent section, we will show that the equal-order interpolation for all the variables, which is computationally the most convenient, is not stable under the classical mixed formulation. Of course, one could use divergence-free elements (e.g., Raviart-Thomas spaces [Raviart and Thomas, 1977] ) but they need special data structures and computer implementations. We, therefore, present a stabilized mixed formulation, which is stable under the equal-order interpolation for all the field variables.
The proposed stabilized mixed formulation reads as follows:
In subsequent sections, we show that the proposed stabilized mixed formulation is consistent, stable and accurate.
3.1. Weak enforcement of velocity boundary conditions. In the previous derivations made earlier in this section, the pressure boundary conditions (i.e., equations (2.1g) and (2.1h)) are enforced weakly under the proposed stabilized mixed formulation and the classical mixed formulation. However, the velocity boundary conditions in which the normal components of the velocities are prescribed (i.e., equations (2.1e) and (2.1f)) are enforced strongly. For domains with curved boundaries, which are commonly encountered in subsurface modeling, it is desirable to even prescribe the velocity boundary conditions weakly. We, therefore, provide a possible extension of the proposed stabilized mixed formulation for weak enforcement of the velocity boundary conditions. To this end, we follow the approach proposed by [Nitsche, 1971] . The Nitsche's method is a powerful tool for weakly enforcing Dirichlet boundary conditions without the use of Lagrange multipliers, and has been utilized by several works such as [Annavarapu et al., 2014; Bazilevs and Hughes, 2007; Embar et al., 2010; Schillinger et al., 2016] . The Nitsche's method is sometimes referred to as a variationally consistent penalty method to enforce Dirichlet boundary conditions [Hansbo, 2005] . We extend the Nitsche's method to the proposed four-field stabilized formulation to enforce the prescribed normal components of the velocities in the macro-and micro-pore networks.
The stabilized mixed formulation that enforces the velocity boundary conditions weakly can be obtained as follows: Find (u 1 (x), u 2 (x)) ∈ H(div, Ω) × H(div, Ω) and (p 1 (x), p 2 (x)) ∈ Q such that we have
where η is the penalty parameter. In this paper, we take the penalty parameter to be 10. In the above statement of the weak formulation, since the velocity boundary conditions are enforced weakly, the appropriate function space for the velocities and the associated weighting functions will be H(div, Ω), which can be mathematically defined as follows:
The function spaces for the pressures and their weighting functions, however, remain same as before (i.e., the Q space).
A THEORETICAL ANALYSIS OF THE PROPOSED MIXED FORMULATION
In this section, we present a systematic mathematical analysis (i.e., existence, uniqueness and well-posedness) and error analysis (i.e., consistency, stability, order of convergence) of the proposed stabilized mixed formulation. For convenience, we define the following product spaces:
We group the field variables as follows:
Then, the proposed mixed formulation in equation (3.7) can be compactly written as: Find U ∈ U such that we have
We shall establish the stability of the formulation under the following norm:
where · denotes the norm corresponding to the standard L 2 inner-product. We need to first show that · stab is in fact a norm on W and U. To this end, the following lemma will be used.
Lemma 4.1. (A property of semi-norms) If · 1 and · 2 are semi-norms, then · 3 := · 2 1 + · 2 2 is also a semi-norm.
Proof. The homogeneity of · 3 directly stems from the homogeneity of the semi-norms · 1 and · 2 . To wit,
The non-negativity of · 3 is straightforward; that is, x 3 ≥ 0 ∀x. The triangle inequality for the semi-norms · 1 and · 2 implies that
These inequalities imply that
We have employed the AM-GM inequality in obtaining equation (4.7), which further implies that
This establishes the triangle inequality for · 3 . The homogeneity, non-negativity and triangle inequality imply that · 3 is a semi-norm.
Proposition 4.1. (Stability norm) · stab is a norm on W and U.
Proof. We first note that K 1 and K 2 are symmetric and positive definite tensors. The square root of a symmetric and positive definite tensor exists, and is itself a symmetric and positive definite tensor [Gurtin, 1982] . This implies that the following individual terms form semi-norms on W and U:
Then, Lemma 4.1 implies that · stab is a semi-norm. It is easy to show that W stab = 0 implies that
where c is a constant. Noting that (q 1 (x), q 2 (x)) ∈ Q and utilizing the following condition in the definition of Q:
we conclude that c = 0. With this, we have established that W stab = 0 implies that W = 0. Hence, · stab is a norm. Proof. On the contrary, assume that U 1 and U 2 are both (weak) solutions of the weak formulation. This implies that
By subtracting the above two equations and noting the linearity in the second slot, we obtain
Using Proposition 4.1 (which establishes that · stab is a norm on W) we conclude that U 1 = U 2 .
Theorem 4.2. (Boundedness) The bilinear form is bounded. That is,
where C is a constant.
Proof. A direct application of the triangle inequality of the absolute value on real numbers implies that
Cauchy-Schwartz inequality on L 2 inner-product implies that
By applying Cauchy-Schwartz inequality on n-tuple real numbers (i.e., on Euclidean spaces) we obtained the following:
That is, we have established that
which completes the proof. Proof. The coercivity of the bilinear form can be established from the definition of · stab and Proposition 4.1 (i.e., · stab is a norm on W) as
Given the coercivity and boundedness of the bilinear form and the continuity of the linear functional, one can conclude that the proposed mixed weak formulation is well-posed by invoking the Lax-Milgram theorem [Brenner and Scott, 1994] .
4.1. Convergence and error analysis of the finite element formulation. We decompose the computational domain into "N ele" subdomains (which will be the elements in the context of the finite element method) such that
where a superposed bar indicates the set closure. We denote the finite element solution by U h . That is,
Likewise,
If we denote the set of all polynomials up to and including m-th order over a set K by P m (K), and the set of all continuous functions defined on Ω (which is the set closure of Ω) by C 0 (Ω), then the following finite-dimensional spaces can be defined:
; e = 1, · · · , N ele (4.24d)
We define the corresponding product spaces as follows:
It is important to note that W h and U h are closed linear subspaces of W and U, respectively. The finite element formulation corresponding to the proposed stabilized mixed formulation reads: Find
In a given coordinate system, we denote x = (x 1 , · · · , x nd ). For a given multi-index (i.e., tuple) of non-negative integers, α = (α 1 , · · · , α nd ), with order |α| = α 1 + · · · + α nd , the corresponding partial derivative of a scalar field, p(x), can be written as follows:
(4.27)
Using the above notation, the s th Sobolev semi-norm, | · | s , for scalar and vector fields can be compactly written as follows:
where |α|=s denotes the summation over all the possible tuples of non-negative integers with order s, and L denotes the characteristic length of the domain.
Remark 4.1. Although the notation introduced in equation (4.27) is common in the theory of partial differential equations (e.g., [Evans, 1998] ), it may not be that common in the engineering literature. For the benefit of the reader, we provide the following few examples to make the notation more apparent:
We now show the consistency of the formulation, and then establish the stability. We also obtain the rates of convergence with the mesh refinement and the order of interpolation. To this end, the error E is defined as
We employ the following standard decomposition of error (e.g., see [Brenner and Scott, 1994] ):
where U h denotes the interpolate of U onto U h , E h is the approximation error and H denotes the interpolation error. The interpolation error H satisfies the following standard inequality [Brezzi and Fortin, 1991] :
(4.32)
In the above inequality, h is the characteristic mesh parameter; L is a characteristic dimension of the domain Ω, and k, l, m, and n are natural numbers. The constants C 1 , C 2 , C 3 and C 4 are defined as follows:
where C 0 is a non-dimensional constant. Note that C 1 , C 2 , C 3 and C 4 are independent of h, u 1 , u 2 , p 1 and p 2 .
Theorem 4.4. (Consistency) The error in the finite element solution satisfies
Proof. The finite element solution satisfies
The exact solution clearly satisfies
By subtracting the above two equations and using the linearity of the bilinear form B stab (·, ·) in the second slot, we obtain the desired result.
Theorem 4.5. (Convergence) For allŨ h ∈ U h , the error satisfies
where C is a non-dimensional constant.
Proof. Noting the decomposition of error mentioned in equation (4.31) (i.e., E = E h + H), we proceed as follows:
We now estimate B stab (H; E). To this end, we denote the components of E and H as follows:
By repeated use of Cauchy-Schwartz and Peter-Paul inequalities [Hunter and Nachtergaele, 2001] , we estimate B stab (H; E) as follows:
where ε i , i = 1, . . . , 15 are positive constants. By choosing 2ε 1 = 2ε 3 = 2ε 4 = 2ε 6 = ε 7 = ε 9 = ε 11 = ε 13 = 10 and 13 2ε 2 = 2ε 5 = ε 8 = ε 10 = ε 12 = ε 14 = 6, ε 15 = 1 (4.40)
we obtain the following inequality:
Noting equation (4.38) we have
which gives the following estimate of the total error in terms of the interpolation error:
This completes the proof.
PATCH TESTS AND NUMERICAL CONVERGENCE ANALYSIS
In order to assess the convergence behavior of the elements and to determine whether they are programmed correctly, patch tests are used. In this section, using one-dimensional and threedimensional constant-flow patch tests, the performance of the proposed stabilized mixed formulation under the double porosity/permeability model is illustrated for equal-order interpolation and it's compared with the classical mixed formulation based on the Galerkin formalism. The computational domain for one-dimensional and three-dimensional boundary value problems as well as the enforced boundary conditions are shown in Figure 1 . In the remainder of this section, the results for these boundary value problems and the convergence rates under h-and p-refinements for the onedimensional case are discussed in details.
5.1. One-dimensional constant flow patch test. The purpose of solving the one-dimensional example is to provide a numerical tool for testing whether the proposed mixed formulation satisfies the LBB condition. Figure 1(a) provides a pictorial description of the problem. As it can be seen, the domain is a line of unit length along x direction. On the left end of the domain, pressures p L 1 and p L 2 are prescribed in macro-and micro-pore networks, respectively. Similarly, on the right end of the domain, p R 1 and p R 2 are, respectively, prescribed in the macro-and the micro-pore networks. The governing equations can be written as follows:
It should be noted that the quantities used in equations (5.1a)-(5.1f) are non-dimensional. More details on non-dimensionalization procedure can be found in . In this boundary value problem, k 1 and k 2 are assumed to be independent of x and the mass transfer between the two pore-networks takes the following form:
The analytical solution for this simple 1D problem includes constant velocities and linearly varying pressures (from p L i to p R i ) at each pore-network along the x direction. Figure 2 shows the numerical results for pressure and velocity profiles in the two pore-networks under Galerkin and the proposed stabilized mixed formulations. The values of velocity vector fields in the two pore-networks match the analytical solutions under both proposed the stabilized mixed formulation and the Galerkin formulation. As it can be seen in Figures 2(c) and 2(d) , under the stabilized mixed formulation, pressures in the two pore-networks vary linearly from the prescribed value at the left end (p L i , i = 1, 2) to the prescribed one at the right end (p R i , i = 1, 2). These results are in agreement with the corresponding analytical solutions, thus showing that the proposed formulation performs well and that it satisfies the 1D patch test. However, under the Galerkin formulation, spurious oscillations are observed in the pressure fields in both macro-and micro-networks even for equal-order interpolation.
5.2. Three-dimensional constant flow patch test. Previous research studies have shown that many existing numerical formulations cannot perform well when they are extended to 3D settings [Hughes et al., 2006; Nakshatrala et al., 2006] . Herein, using the 3D constant flow patch test we will show that the proposed stabilized mixed formulation performs well even in 3D settings and it's capable of satisfying the LBB condition. To illustrate this, we consider the unit cube computational domain shown in Figure 1(b) . On the left and right faces, pressures p L i , i = 1, 2 and p R i , i = 1, 2 are prescribed respectively where i = 1 denotes the macro-pore network and i = 2 represents the micro-pore network. On the other faces, the velocity boundary condition is prescribed in the two pore-networks (i.e., u i · n = 0, i = 1, 2).
The analytical solution pair for this constant flow patch test includes constant velocity along x direction and pressure linearly varying along x direction at each pore-network. Figure 3 shows the numerical results for pressure profiles associated with the two pore-networks under Galerkin and the stabilized mixed formulations. It is observed that the Galerkin formulation produces spurious oscillations in micro-and macro-pressures even for equal-order interpolation. This indicates that Galerkin formulation cannot accurately predict pressure variations and that the results are not stable. These oscillations are completely eliminated by the proposed stabilized mixed formulation, thus illustrating the stability of the solution. This verifies that the proposed numerical formulation performs well and satisfies the 3D constant flow patch test.
5.3.
Numerical convergence under h-and p-refinements. In this subsection, the convergence behavior of the proposed stabilized mixed formulation is evaluated. For this purpose, the convergence analysis is performed in 1D and 2D settings. The convergence rates are obtained under two different approaches. The first method is called h-refinement where the number of elements is increased and hence the size of elements (denoted by "h") in the domain is decreased. The convergence rates under h-refinement are obtained for various polynomial orders. In the second approach, the so-called p-refinement, the convergence rate is calculated by changing the order of polynomial while the total number of elements in the domain is kept fixed (nx = 5).
For the convergence analysis in the 1D setting, we select the previously defined one-dimensional patch test (subsection 5.1). In Figures 4 and 5 , the convergence rates under h-and p-refinements are shown for the L 2 -norm of the velocity fields in the macro-and micro-pore networks (denoted by "L 2 u 1 " and "L 2 u 2 ", respectively), the L 2 -norm of the pressure fields in the macro-and micro-pore networks (denoted by "L 2 p 1 " and "L 1 p 2 ", respectively), and the H 1 -norm of the pressure fields in the macro-and micro-pore networks (denoted by "H 1 p 1 " and "H 1 p 2 ", respectively). As it can be seen in these figures, the rate of convergence for h-refinement is linear and for p-refinement is exponential, which are in accordance with the theory.
The convergence analysis in the 2D setting is performed on the unit square domain shown in Figure 6 . The macro-and micro-pressures are prescribed on the four sides of the computational domain. For convenience, let us define
Then the analytical solution for the velocity fields can be defined as
The analytical solution for the pressure fields can then be obtained as follows:
p 2 (x, y) = µ π exp(πx) sin(πy) + µ βk 2 exp(ηy) (5.7) Figure 7 provides the convergence rates under h-refinement for the L 2 -norm and the H 1 -norm of the pressure fields in the macro-and micro-pore networks. The results under p-refinement for the L 2norm of the pressure fields are also provided in Figure 8 . As it can be seen, the rate of convergence for h-and p-refinements are respectively linear and exponential, which are in accordance with the theory. The results obtained from the one-dimensional and two-dimensional problems verify that the proposed stabilized mixed formulation is convergent.
REPRESENTATIVE NUMERICAL RESULTS
In the previous section, the convergence behavior of the proposed mixed formulation has been assessed using the patch tests. In this section, using representative problems with relevance to technological applications, the flow characteristics in the porous media exhibiting double porosity/permeability are studied. The performance of the Nitsche's method is illustrated using twodimensional candle filter problem and three-dimensional hollow sphere problem.
6.1. Two-dimensional candle filter problem. The aim of this problem is to show how the velocity boundary conditions can be enforced weakly in two-dimensional settings using Nitsche's method. This two-dimensional boundary value problem is a model of water flow in candle filters which are commonly used for purifying drinking water. The domain consists of a circular disc of inner radius of r i = a and outer radius of r o = 1. For the macro-pore network, the inner surface is subjected to a pressure (p 1 (r = r i ) = 1.0 atm), and the outer surface is exposed to the atmosphere (p 1 (r = r o ) = 0). For the micro-pore network, no discharge is allowed from the inner and outer surfaces (i.e. u 2 · n = 0). Figure 9 shows the computational domain for this problem as well as the boundary conditions. Considering the underlying symmetry in the problem, the velocities and pressures in the two pore-networks are assumed to be functions of r only. The relevant governing equations in the polar coordinates can be summarized as follows: µ k 1 u 1 + dp 1 dr = 0, 1 r d(ru 1 ) dr + (p 1 − p 2 ) = 0, ∀r ∈ (a, 1) (6.1a) µ k 2 u 2 + dp 2 dr = 0, 1 r d(ru 2 ) dr − (p 1 − p 2 ) = 0, ∀r ∈ (a, 1) (6.1b) p 1 (r = a) = 1, p 1 (r = 1) = 0, u 2 (r = a) = 0, u 2 (r = 1) = 0 (6.1c)
Figures 10(a) and 10(b) show the pressure and velocity profiles. The micro-velocity profile implies that although there is no discharge from the micro-pore network on the boundary, there is discharge in the micro-pore network within the domain. It can be concluded that the surface pore-structure is not the only factor that characterizes the flow throughout the domain and that the internal pore-structure plays a significant role.
6.2. Three-dimensional hollow sphere problem. The hollow sphere problem is used to examine the weak enforcement of the velocity boundary conditions in 3D settings using Nitsche's method. The computational domain consists of a sphere of radius r o = 1.0, at the center of which is a spherical hole of radius r i = a. At the inner surface of the hole, the macro-pore network is subjected to a pressure p 1 (r = r i ) = 1, and at the outer surface of the sphere, the macro-pore network is subjected to a pressure p 1 (r = r o ) = 0. For the micro-pore network, there is no discharge from the inner and outer surfaces (i.e., u 2 · n = 0). Similar to the candle filter problem, all the variables can be considered to be functions of r only due to the symmetry. Therefore, the governing equations can be written as follows: µ k 1 u 1 + dp 1 dr = 0, 1 r 2 d(r 2 u 1 ) dr = −(p 1 − p 2 ), ∀r ∈ (a, 1) (6.2a) µ k 2 u 2 + dp 2 dr = 0, 1 r 2 d(r 2 u 2 ) dr = +(p 1 − p 2 ), ∀r ∈ (a, 1) (6.2b) p 1 (r = a) = 1, p 1 (r = 1) = 0, u 2 (r = a) = 0, u 2 (r = 1) = 0 (6.2c)
The numerical results for the pressures and velocity fields are shown in Figures 11(a) and 11(b). It is seen that the results are stable and although no discharge is considered for the micro-pore network on the boundary, there is discharge in the micro-pore network within the domain. The important role of the internal pore-structure in such complex porous domains pitches a case for using advanced characterization tools like X-ray micro-computed tomography (i.e., µ-CT) [Stock, 2008] .
7. MECHANICS-BASED ASSESSMENT OF NUMERICAL ACCURACY presented several important mathematical properties satisfied by the solutions of the double porosity/permeability. In this section, based on the mechanics-based solution verification method proposed by [Shabouei and Nakshatrala, 2016] , we use a well-known benchmark problem associated with flow through porous media to show that the proposed mathematical properties (e.g. the minimum dissipation theorem and the reciprocal relation) can serve as good (mechanics-based) a posteriori measures to assess the accuracy and convergence of numerical solutions.
In the fluid mechanics literature, the pipe bend problem has been widely used as a benchmark [Aage et al., 2008; Borrvall and Petersson, 2003; Challis and Guest, 2009] . A pictorial description of the problem is shown in Figure 12 . The computational domain in two-dimensional space is a unit square (L = 1). For velocity boundary conditions, two different cases are considered. For the macro-pore network in case 1, an inflow parabolic velocity is enforced on a portion of the left boundary (denoted as Γ u inflow ) while an outflow parabolic velocity is applied on a portion of the bottom boundary (denoted as Γ u outflow ). In case 2, an inflow constant velocity is enforced on Γ u inflow while an outflow constant velocity is applied on Γ u outflow for the macro-pore network. For both cases, the normal component of velocity is prescribed to be zero on the rest of the boundary (i.e., u n (x) = 0). This type of velocity boundary condition makes the problem compatible with the minimum dissipation theorem proposed by for which, the dissipation functional takes the form presented by equation (7.1). If the velocity boundary conditions are enforced on the entire boundary for the two pore-networks (i.e., Γ u 1 = Γ u 2 = ∂Ω), and γb(x) is assumed to be a conservative vector field, the dissipation functional can be defined as follows:
Figure 13(a) shows the variation of dissipation with mesh refinement for the two cases shown in Figure 12 . As it can be seen, as the mesh size h decreases (or the total number of the elements increases), dissipation decreases for both cases which implies that the numerical results are in accordance with the theoretical predictions for this test problem.
The reciprocal relation under the double porosity/permeability model can also be verified for the pipe bend problem. Under this model, if (u 1 , p 1 , u 2 , p 2 ) and (u * 1 , p * 1 , u * 2 , p * 2 ) are, respectively, the solutions under the prescribed data-sets (b , u n1 , p 01 , u n2 , p 02 ) and (b * , u * n1 , p * 01 , u * n2 , p * 02 ) and if the domain, Ω, and the boundaries, Γ u 1 , Γ p 1 , Γ u 2 , and Γ p 2 , are the same for both prescribed data-sets, then the pair of solutions and the pair of prescribed data-sets satisfy the following reciprocal relation :
This reciprocal relation can be verified using a measure of the relative error introduced by [Shabouei and Nakshatrala, 2016] In order to calculate the error in reciprocal relation, we should solve the problem for the two different data-sets. In this particular problem, no pressure boundary conditions are defined and Table 1 . Data-sets used for calculating error in reciprocal relation for the pipe bend problem. Table 1 . Γ u inflow and Γ u outflow are indicated in Figure 12 . It should be noted that the normal components of velocity for the micro-scale (u n2 and u * n2 ) are zero in the data-sets on the entire boundary and inflow and outflow velocities are only prescribed at the macro-scale. The variation of ε reciprocal with mesh refinement under the double porosity/permeability model for the sample data-sets is shown in Figure 13(b) . As it can be seen, for different orders of interpolation, the numerical error in the reciprocal relation decreases uniformly with mesh refinement for this test problem.
AN EXTENSION TO TRANSIENT ANALYSIS
The results presented in the previous sections neglect the effects of time on the flow behavior within the porous domain. However, the effect of time on the flow characteristics are indispensable in transient flow applications such as observed in aquifers and oil-bearing strata [Mongan, 1985] . In this section, the proposed mixed formulation is extended by adding the unsteady term to the governing equations of flow in the pore-networks and the capability of the proposed framework for performing under the transient condition is illustrated.
8.1. Governing equations: Unsteady double porosity/permeability model. In this section, the effect of time is incorporated into the double porosity/permeability model. It will be shown that by applying slight modifications to the proposed formulation, we can obtain a stabilized formulation for performing transient analysis. This is of great importance in composite manufacturing applications based on resin transfer molding (RTM) [Nakshatrala et al., 2006; Pacquaut et al., 2012] where two different fibers are usually used, providing two different pathways for the fluid. Such media can be best described by the proposed double porosity/permeability model. Same as before, we consider a bounded domain, Ω ⊂ R nd , with a piecewise smooth boundary denoted by ∂Ω. The time is denoted by t ∈ [0, T ], where T is the total time of interest. Darcy velocity (vector) fields in macro-and micro-pores at any spatial point x are denoted by u 1 (x, t) and u 2 (x, t) respectively, while macro-and micro-pressure (scalar) fields are denoted by p 1 (x, t), and p 2 (x, t). The specific body force can also depend on time and is denoted by b(x, t). Assuming that the porosities in the two pore-networks do not change with time, the governing equations under the unsteady condition can be written as follows:
where n(x) denotes the unit outward normal to the boundary. u n1 (x, t) and u n2 (x, t) are the prescribed normal components of the velocities on the boundaries of the macro-pore and micropore networks while u 01 (x) and u 02 (x) are the initial velocities within the domain. χ(x, t) in equations (8.1c) and (8.1d) can also depend on time t. In the following subsection, the weak form of the double porosity/permeability model under the transient condition will be obtained using the proposed stabilized formalism.
8.2.
A stabilized mixed formulation for the transient case. Herein, the proposed stabilized mixed formulation is obtained for the double porosity/permeability model under unsteady condition. For this purpose, the method of horizontal lines (also known as the Rothe's method) [Rothe, 1930] based on the backward Euler scheme is employed. The time interval of interest is discretized into N + 1 time levels denoted as t n (n = 0, · · · , N ) by assuming uniform time steps (∆t = t n − t n−1 ); however, one can consider non-uniform time steps by applying simple modifications. For a given quantity z(x, t), the time discretized version at the instant of time t n can be written as follows: z (n) (x) ≈ z(x, t n ), n = 0, · · · , N (8.2)
In the method of horizontal lines, the partial differential equations (which depend on both space and time) are discretized temporally using a time stepping scheme. This results in another system of partial differential equations depending only on spatial coordinates which can be spatially discretized using the finite element method or the finite difference method. Herein, we use the backward Euler time stepping scheme for temporal discretization of the partial differential equation. This time stepping scheme is first-order accurate and unconditionally stable when applied to linear system of ordinary differential equations [Hughes, 1987] . For double porosity/permeability model under unsteady condition, the resulting time discretized equations at time level t = t n+1 can be written as follows:
Equations (8.3a) and (8.3b) can be rearranged as follows:
in Ω (8.4a)
where the (modified) drag coefficients and (modified) body forces can be written as follows:
A stabilized mixed formulation for the unsteady condition at time level t = t n+1 reads as: Find ) =L stab (w 1 , w 2 , q 1 , q 2 )
A systematic numerical implementation of the proposed formulation is outlined in Algorithm 1.
In should be noted that, we need not evaluate all the terms in equations (8.7a) and (8.7b) at each time step since most of them do not depend on the temporal variable. Therefore, it's enough to only evaluate the terms involvingb 
8.3. Numerical results. In this section, we illustrate the performance of the proposed stabilized mixed formulation for studying transient flow problems in one-and two-dimensional spaces. It is shown that the proposed mixed formulation is capable of modeling flow under transient conditions. Moreover, some of the features of flow in a porous medium exhibiting two distinct porenetworks are shown.
8.3.1. One-dimensional transient flow problem. We consider a one-dimensional domain of length L. Pressures p L 1 and p R 1 are prescribed for the macro-pore network, on the left and right ends of the domain, respectively. For the micro-pore network, however, no-flux (i.e., zero normal velocity) boundary conditions are enforced. The initial values for macro-and micro-velocities are assumed to be zero throughout the domain. Figure 14 shows the summation of macro-and micro-velocities (u 1 +u 2 ) in the 1D domain at different time steps. As it can be seen it this figure, u 1 +u 2 throughout the domain is independent of the spatial coordinate (x) and it is a function of time (t) only. This results can be nicely verified by adding up the balance of mass equations in the two pore-networks for the one-dimensional case and integrating over the domain. 8.3.2. Two-dimensional transient flow problem. For the two-dimensional flow problem, the computational domain Ω is chosen to be the region in-between a rectangle of length 10.0 and height 1.0 and two square holes each of length 0.4. Zero-flux boundary conditions for both macro-pore and micro-pore networks are prescribed at the holes as well as top and bottom edges of the rectangular domain. At the right end, pressure is prescribed at both pore-networks. At the left end, however, zero-flux boundary condition is prescribed for the micro-pore network and pressure is prescribed for the macro-pore network. The initial velocities for both fluid constituents are assumed to be zero. A pictorial description of the domain as well as the initial and boundary conditions are illustrated in Figure 15 . Figure 16 shows a comparison between macro-velocity (u 1 ) and micro-velocity (u 2 ) at selected time steps. As it can be seen in this figure, the rate of decay of the solution in the macro-pore network is slower than that of the micro-pore network which is due to the higher permeability of the macro-pore network. Hence, the micro-velocity reaches the steady state faster than the macro-velocity.
COUPLED PROBLEMS
Coupled phenomena are commonly observed in porous media problems. An application area for such problems can be towards modeling viscous fingering (VF) instability, also known as Saffman-Taylor instability [Chuoke et al., 1959; Saffman and Taylor, 1958] . Viscous fingering generally refers to the onset and evolution of instabilities that happen in the miscible displacement of fluids in porous media. Such instabilities occur when a more viscous fluid is displaced by a less viscous fluid [Homsy, 1987; Stalkup, 1983] . During unstable two-fluid displacements, the less viscous fluid moves faster than the more viscous fluid. In such cases, if any disturbance or perturbation is imposed on the interface of the two fluids, the less viscous fluid will penetrate into the more viscous one and finger-like patterns will be generated at the interface of the two fluids.
Viscous fingering is commonly observed in a wide variety of industrial and environmental applications such as carbon-dioxide sequestration and secondary and tertiary oil recovery as addressed by [Chen and Meiburg, 1998a,b; Homsy, 1987] . It has been proved that Darcy model coupled with the transport equation can exhibit such instabilities. The questions remaining are whether instabilities in the form of viscous fingering can be captured under the double porosity/permeability model and if so, how the flow model can affect the mechanism of the instabilities and their characteristics (i.e., number of fingers, their characteristic length, etc.).
Herein, we cannot provide an exhaustive study on such well-known instabilities in fluid mechanics and many important areas of research associated with viscous fingering are not included in our discussion. Therefore, we only address the former question. We show that the proposed stabilized formulation can nicely perform for modeling complicated coupled problems and the proposed computational framework is capable of capturing viscous fingering instability within a porous domain exhibiting double porosity/permeability. However, studying the effects of the flow model (double porosity/permeability model versus Darcy model) on the mode and patterns of the instabilities is beyond the scope of this paper and will be addressed in a separate paper. 9.1. Governing equations: Coupled flow and transport problem. Viscous fingering can be considered as a two-way coupled flow and transport problem and is studied in the Hele-Shaw cell. The governing equations can be written as follows:
where equations (9.1a) -(9.1h) represent the flow equations under the double porosity/permeability model, and equations (9.1i) -(9.1l) represent the transient advection-diffusion problem. Figure 17 represents the computational domain as well as the assigned initial and boundary conditions for this boundary value problem. In this problem, the perturbation on the interface of the two fluids is imposed by considering heterogeneous material properties for the porous domain, such as heterogeneous permeabilities. Moreover, the initial condition for the transport problem is defined using a random function throughout the domain. Figure 18 shows the concentration profile under the double porosity/permeability model. As it can be seen in the figure, physical instabilities also occur under the double porosity/permeability model, which are similar to the Saffman-Taylor instability. However, a systematic study needs to be conducted to find out the similarities and differences between the Saffman-Taylor instability and the one under the double porosity/permeability model. Moreover, it has been shown that some stabilized formulations such as SUPG and GLS which are commonly used to suppress spurious numerical instabilities, may also suppress the physical instabilities in some cases as shown by [Shabouei, 2016; . As it can be seen in Figure 18 , the proposed formulation is capable of eliminating the spurious numerical instabilities but it does not suppress physical ones.
CONCLUDING REMARKS
This paper has made several contributions to the modeling of fluid flow in porous media with dual pore-networks and possible mass transfer across the pore-networks. First, a stabilized mixed finite element formulation has been presented for the double porosity/permeability mathematical model. Second, a systematic error analysis has been performed on the proposed stabilized weak formulation. Numerical convergence analysis and patch tests have been used to illustrate the convergence behavior and accuracy of the proposed mixed formulation in the discrete setting. Third, the mathematical properties that the solutions of the double porosity/permeability model enjoy have been utilized to construct mechanics-based a posteriori error measures to assess the accuracy of the numerical solutions. Last but not least, the performance of the proposed stabilized mixed formulation for modeling the transient flow as well as coupled problems has been illustrated using representative numerical examples. Some of the significant findings of the paper can be summarized as follows:
(C1) Equal-order interpolation for all the field variables (pressure and velocity vector fields), which is computationally the most convenient, is stable under the proposed stabilized mixed formulation. (C2) Patch tests revealed that the classical mixed formulation produces spurious node-to-node oscillations in the pressure fields under equal-order interpolation for all the field variables. The proposed stabilized mixed formulation was able to eliminate such unphysical oscillations in the pressure fields, and passed the patch tests up to the machine precision.
(C3) The numerical convergence rates obtained using the proposed stabilized formulation were in accordance with the theory for both h-and p-refinements. (C4) The proposed formulation satisfied the mechanics-based a posteriori error measures, and the errors decreased uniformly with mesh refinement for different orders of interpolation. (C5) An extension of the proposed formulation to the transient case has performed well, as it was able to predict accurately that the rate of decay of the response (e.g., the velocity front) in the macro-pore network is slower than that of the micro-pore network. Physically, this phenomenon of slower decay can be attributed to the higher permeability in the macro-pore network. (C6) The proposed stabilized mixed formulation suppressed the unphysical numerical instabilities but yet captured the underlying physical instability when applied to a coupled flow and transport problem in porous media with dual pore-networks. The captured physical instability, is similar to the classical Saffman-Taylor instability that has been shown to exist for coupled Darcy and transport equations. The proposed formulation will be particularly attractive for studying physical instabilities, as it has been shown recently that some well-known stabilized formulations which are designed to suppress numerical instabilities also suppressed physical instabilities.
The research presented herein can be extended to the study of the flow of multi-phase fluids in porous domains exhibiting double porosity/permeability and the proposed computational framework can be modified in order to incorporate the deformation of the porous solid. Moreover, the effect of the flow model (double porosity/permeability model versus Darcy model) on the mode of the instabilities in form of viscous fingering and characteristics of such finger-like structures can be subject of further studies. 
Pressure under Galerkin formulation
Pressure under proposed stabilized formulation Figure 8 . 2D square problem: Numerical convergence under p-refinement for a fixed mesh size (h = 0.2). The number of degrees-of-freedom corresponds to p = 3 to 7. The rate of convergence is exponential, which is in accordance with the theory. Note that the error flattened out around 10 −16 for larger number of degrees-of-freedom. This is expected as the machine precision on a 64-bit machine is around 10 −16 . There is no discharge on the inner and outer surfaces of the micro-pore network. For the macro-pore network, the inner surface is subjected to a pressure of unity, and the outer surface is subjected to zero pressure. Figure 10 . Two-dimensional boundary value problem: This figure shows the contours of pressures and velocities in macro-and micro-pore networks. Although there is no discharge from the micro-pore network on the boundary, there is discharge in the micro-pore network within the domain. Figure 11 . Three-dimensional boundary value problem: This figure shows the contours of pressures and velocities in macro-pores and micro-pores. There is no discharge on the inner and outer surfaces of the micro-pore network. For the macro-pore network, the inner surface is subjected to a pressure of unity, and the outer surface is subjected to a pressure of zero. Although there is no discharge from the micro-pore network on the boundary, there is discharge in the micro-pore network within the domain. In case 1, for the macro-pore network, an inflow parabolic velocity is enforced on Γ u inflow while an outflow parabolic velocity is applied on Γ u outflow . In case 2, an inflow constant velocity is enforced on Γ u inflow while an outflow constant velocity is applied on Γ u outflow for the macro-pore network. On the other parts of the boundary, normal component of velocity is assumed to be zero. Figure 13 . Pipe bend problem: The left figure shows the variation of dissipation with mesh refinement for both cases shown in Figure 12 . As it can be seen, the dissipation decreases uniformly with mesh refinement which is in accordance with the theory for this problem. The right figure, shows the variation of ε reciprocal with mesh refinement using the two cases for different orders of interpolation. The numerical error in the reciprocal relation decreases uniformly with mesh refinement for this test problem. As it can be seen in this figure, the rate of decay of the solution in the macro-pore network is slower than that of the micro-pore network which is due to the higher permeability of the macro-pore network. Hence, the micro-velocity reaches the steady state faster than the macrovelocity. 
